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A CLASS OF NON-RATIONAL SURFACE SINGULARITIES
WITH BIJECTIVE NASH MAP
CAMILLE PLÉNAT AND PATRICK POPESCU-PAMPU
Abstrat. Let (S, 0) be a germ of omplex analyti normal surfae. On its min-
imal resolution, we onsider the redued exeptional divisor E and its irreduible
omponents Ei, i ∈ I. The Nash map assoiates to eah irreduible omponent
Ck of the spae of ars through 0 on S the unique omponent of E ut by the
strit transform of the generi ar in Ck . Nash proved its injetivity and asked
if it was bijetive. As a partiular ase of our main theorem, we prove that this
is the ase if E.Ei < 0 for any i ∈ I.
1. Introdution
Let (S, 0) be a germ of omplex analyti normal surfae. Let
πm : (S˜m, E)→ (S, 0)
be its minimal resolution, where E is the redued exeptional divisor of πm, and let
(Ei)i∈I be the irreduible omponents of E. A resolution is alled good if E has
normal rossings and if all its omponents are smooth. It is important to notie that,
by Grauert's ontratibility theorem for surfaes [5℄, there exist singularities whose
minimal resolution is not good.
An ar through 0 on S is a germ of formal map (C, 0)→ (S, 0).
We denote by (S, 0)∞ the spae of ars through 0 on S. It an be anonially
given the struture of a sheme over C, as the projetive limit of shemes of nite
type obtained by trunating ars at eah nite order. So it makes sense to speak
about its irreduible omponents (Ck)k∈K . For eah ar represented by an element in
Ck, one an onsider the intersetion point with E of its strit transform on S˜m. For
a generi element of Ck (in the Zariski topology), this point is situated on a unique
irreduible omponent of E. In this manner one denes a map:
N : {Ck | k ∈ K} → {Ei | i ∈ I}
whih is alled the Nash map assoiated to the germ (S, 0). It was dened by Nash
around 1966, in a preprint published later as [17℄. He proved that the map N is
injetive (whih shows in partiular that K is a nite set) and asked the question:
Is the map N bijetive?
This question is now alled the Nash problem on ars. No germ (S, 0) is known for
whih the answer is negative. But the bijetivity of N was only proved till now for
speial lasses of singularities:
• for the germs of type (An)n≥1 by Nash himself in [17℄;
• for normal minimal singularities by Reguera [21℄; dierent proofs were given by
Plénat [19℄ and by Fernández-Sánhez [4℄;
1991 Mathematis Subjet Classiation. 14B05, 32S25, 32S45.
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• for sandwihed singularities it was skethed by Reguera [22℄, using her ommon
work [15℄ with Lejeune-Jalabert on the wedge problem.
• for the germs of type (Dn)n≥4 by Plénat [19℄;
• for the germs with a good C∗-ation suh that the urve ProjS is not rational, it
follows immediately by ombining results of Lejeune-Jalabert [13℄ and Reguera [22℄.
With the exeption of the last lass, all the other ones onsist only in rational
singularities and an be dened purely topologially.
Here we prove that the Nash map is bijetive for a new lass of surfae singular-
ities (Theorem 5.1), whose denition depends only on the intersetion matrix of the
minimal resolution and not on the genera or possible singularities of the omponents
Ei. In partiular, their minimal resolution may not be good, whih ontrasts with the
lasses of singularities desribed before. The following (Corollary 5.2) is a partiular
ase of the main theorem:
If E.Ei < 0 for any i ∈ I, then the Nash map N is bijetive.
We also show (Corollary 5.5) that the hypothesis of the previous orollary are
veried by an innity of topologially pairwise distint non-rational singularities,
whih explains the title of the artile.
The Nash map an also be dened in higher dimensions, over any eld, for not
neessarily normal shemes whih admit resolutions of their singularities. It is always
injetive and the same question an also be asked. Ishii and Kollár proved in [6℄
(a good soure for everything we use about spaes of ars and the Nash map, as
well as for referenes on related works) that it is not always bijetive. Indeed, they
gave a ounterexample in dimension 4, whih an be immediately transformed in a
ounterexample in any larger dimension. They left open the ases of dimensions 2
and 3...
Aknowledgements. We are grateful to the organizers of the Third Frano-Japa-
nese Symposium and Shool on Singularities, Hokkaido University (Sapporo), Sep-
tember 13 - 17, 2004, during whih the present ollaboration was started. We are also
grateful to M. Lejeune-Jalabert, M. Morales and the referee for their remarks.
2. A riterion for distinguishing omponents of the spae of ars
Consider a germ (S, 0) of normal surfae and its minimal resolution morphism
πm : (S˜m, E)→ (S, 0). If D is a divisor on S˜m, it an be uniquely written as the sum
of a divisor supported by E - alled the exeptional part of D - and a divisor whose
support meets E in a nite number of points. If D onsists only of its exeptional
part, we say that D is purely exeptional.
For eah i ∈ I, let vEi be the divisorial valuation dened by Ei on the fration
eld of the analyti loal ring OS,0. Denote by mS,0 the maximal ideal of this loal
ring. If f ∈ mS,0, the exeptional part of div(f ◦ πm) is preisely
∑
i∈I vEi(f)Ei.
For eah omponent Ei of E, onsider the ars on S˜m whose losed points are on
Ei −∪j 6=iEj and whih interset Ei transversally. Consider the set of their images in
(S, 0)∞ and denote its losure by V (Ei). The sets V (Ei) are irreduible and
(S, 0)∞ =
⋃
i∈I
V (Ei)
(see Lejeune-Jalabert [14, Appendix 3℄).
The following proposition is a speial ase of a general one proved by the rst
author in [18℄ (see also [19℄) for non-neessarily normal germs of any dimension and
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for arbitrary resolutions. It generalizes an equivalent result proved by Reguera [21,
Theorem 1.10℄ for the ase of rational surfae singularities.
Proposition 2.1. If there exists a funtion f ∈ mS,0 suh that
vEi(f) < vEj (f), then V (Ei) * V (Ej).
Proof: Let (S, 0) →֒ (Cn, 0) be an analyti embedding of the germ (S, 0). Denote
by (x1, ..., xn) the oordinates of C
n
. An ar φ ∈ (S, 0)∞ is then represented by
n formal power series (xk(t) =
∑∞
l=1 aklt
l)1≤k≤n, where the oeients (akl)k,l are
subjeted to algebrai onstraints, oming from the fat that the ar must lie on S.
For eah j ∈ I, a Zariski open set Uf (Ej) in V (Ej) onsists of the images by πm
of the ars on S˜m whih meet transversely Ej in a smooth point of div(f ◦ πm). If
φ ∈ Uf (Ej), we have:
vEj (f) = vt(f ◦ φ)
where vt(g) denotes the order in t of g ∈ C[[t]].
This shows that the rst (vEj (f) − 1) oeients of f ◦ φ, seen as elements of
C[akl]k,l, must vanish. Their vanishing denes a losed subsheme Zf,j of (S, 0)∞.
Therefore, Uf (Ej) ⊂ Zf,j, whih implies that:
V (Ej) ⊂ Zf,j.
As vEi(f) < vEj (f), we see that no element of Uf (Ei) is inluded in Zf,j , whih
shows that:
V (Ei) * Zf,j .
The proposition follows. 
3. Constrution of funtions with presribed divisor
In this setion, π : (S˜, E)→ (S, 0) denotes any resolution of (S, 0).
Inside the free abelian group generated by (Ei)i∈I we onsider the set:
L(π) := {D |D 6= 0, D · Ei ≤ 0, ∀ i ∈ I}.
It is a semigroup with respet to addition, whih we all (following Lê [12, 3.2.5℄) the
Lipman semigroup assoiated to π (see Lipman [16, 18℄). It is known that it onsists
only of eetive divisors (see Lipman [16, 18 (ii)℄).
We all strit Lipman semigroup of π the subset:
L◦(π) := {D ∈ L(π) |D ·Ei < 0, ∀ i ∈ I}
of the Lipman semigroup of π. It is always non-empty.
The importane of the Lipman semigroup omes from the fat that the exeptional
parts of the divisors of the form div(f ◦ π), where f ∈ mS,0, are elements of it. The
onverse is true for rational surfae singularities, but this is not the ase for arbitrary
surfae singularities.
We give now a numerial riterion on a divisor D ∈ L(π) whih allows one to
onlude that it is the exeptional part of a divisor of the form div(f ◦ π):
Proposition 3.1. Let D be an eetive purely exeptional divisor, suh that for any
i, j ∈ I, one has the inequality:
(D + Ei +KS˜) · Ej + 2δ
j
i ≤ 0
where δji is Kroneker's symbol. Then there exists a funtion f ∈ mS,0 suh that the
exeptional part of div(f ◦ π) is preisely D.
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Proof: We use the following Grauert-Riemenshneider type vanishing theorem,
proved by Laufer [9℄ for analyti germs and by Ramanujam [20℄ for algebrai ones
(see also B desu [1, 4.1℄):
If L is a divisor on S˜ suh that L ·Ej ≥ KS˜ ·Ej , ∀ j ∈ I, then H
1(OS˜(L)) = 0.
We apply the theorem to L = −D−Ei, for any i ∈ I. Our hypothesis implies that
H1(OS˜(−D−Ei)) = 0. Then, from the exat ohomology sequene assoiated to the
short exat sequene of sheaves
0 −→ OS˜(−D − Ei) −→ OS˜(−D)
ψi
−→ OEi(−D) −→ 0
we dedue the surjetivity of the restrition map
ψi∗ : H
0(OS˜(−D))→ H
0(OEi(−D))
By Serre duality on the irreduible (possibly singular) urveEi (see Reid [23, 4.10℄),
we get:
h1(OEi(−D)) = h
0(OEi(KS˜ + Ei +D)) = 0
For the last equality we have used the hypothesis (D+Ei+KS˜) ·Ei ≤ −2 < 0, whih
shows that the line bundle OEi(KS˜ + Ei +D) annot have a non-trivial setion.
By applying the Riemann-Roh theorem and the adjuntion formula for the irre-
duible urve Ei of arithmeti genus pa(Ei) (see Reid [23, 4.11℄), we get:
h0(OEi(−D)) = h
0(OEi(−D))− h
1(OEi(−D)) =
= χ(OEi(−D)) =
= 1− pa(Ei)−D ·Ei ≥
≥ 1− pa(Ei) + (KS˜ + Ei) · Ei + 2 =
= 1− pa(Ei) + 2pa(Ei)− 2 + 2 =
= 1 + pa(Ei) > 0
This shows that there exists a non-identially zero setion si ∈ H0(OEi(−D)). The
surjetivity of ψi∗ implies that there exists σi ∈ H0(OS˜(−D)) suh that ψi∗(σi) = si.
As (S, 0) is normal, there exists fi ∈ mS,0 with σi = fi◦π. If we writeD =
∑
j∈I ajEj ,
we see that vEi(fi) = ai and vEj (fi) ≥ aj , for all j 6= i. We dedue that any generi
linear ombination f =
∑
i∈I λifi of the funtions so onstruted veries:
vEi(f) = ai, ∀ i ∈ I.
The proposition is proved. 
Remark 3.2. a) The proof follows the same line as the one of Proposition 3.1 of [2℄
and 4.1 of [3℄, proved by Caubel, Némethi and Popesu-Pampu. The dierene here is
that we no longer deal with a good resolution of (S, 0) and we do not ask for a preise
knowledge of the topologial type of the total transform of f .
b) As Morales informed us, Laufer [10, 3.1℄ proved a related statement when π is the
minimal resolution of (S, 0): if L is a line bundle on S˜m with L·Ei ≥ 2KS˜m ·Ei, ∀i ∈ I,
then L has no base points on M . This implies immediately, by taking L = OS˜m(−D),
that the onlusion of Proposition 3.1 is true with the hypothesis (D + 2KS˜m) · Ei ≤
0, ∀ i ∈ I. As in the sequel we work only with the minimal resolution, we ould
have hosen to use Laufer's riterion. By looking at the way we use Proposition 3.1
in the proof of Proposition 4.3, one sees that this would have been enough in order
to prove our main Theorem 5.1. Nevertheless, we think that Proposition 3.1 has
independent interest. Indeed, neither Laufer's hypothesis nor ours implies the other
one. In order to see it, onsider rst a singularity whose minimal resolution has an
irreduible exeptional divisor E whih is smooth, of genus 2 and with E2 = −1: then
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D = 4E veries our hypothesis, but not Laufer's. Seondly, by onsidering another
singularity with E = E1 +E2, pa(E1) = pa(E2) = 0, E
2
1 = −4, E
2
2 = −2, E1 ·E2 = 2,
one sees that D = 4E1 + 4E2 veries Laufer's hypothesis but not ours.
4. The onditions (*) and (**)
From now on, we deal again with the minimal resolution πm of the germ (S, 0).
Inside the real vetor spae with basis (Ei)i∈I , we onsider the open half-spaes:
{
∑
i∈I
aiEi | ai < aj},
for eah i 6= j. We all them the fundamental half-spaes of πm.
We introdue two onditions on the normal singularity (S, 0):
(*) the intersetion of L◦(πm) with eah fundamental half-spae is non-empty;
(**) E ∈ L◦(πm).
Notie that both onditions depend only on the intersetion matrix of E. In par-
tiular, they are purely topologial.
Lemma 4.1. The germs whih verify ondition (**) form a strit subset of those
whih verify ondition (*).
Proof: Let (S, 0) verify ondition (**). Then, for n ∈ N∗ big enough (in fat for
n > max
i,j∈I
{
Ei ·Ej
|E · Ei|
}), one sees from the denition of the strit Lipman semigroup that
nE+Ej ∈ L◦(πm), ∀ j ∈ I. But eah fundamental half-spae ontains at least one of
the divisors nE + Ej , whih shows that (S, 0) veries ondition (*).
Consider then any normal singularity (S, 0) whose minimal resolution has the same
intersetion matrix as a singularity of type An (that is, E =
∑n
i=1Ei with E
2
i =
−2, ∀i ∈ {1, ..., n}, Ei ·Ei+1 = 1, ∀ i ∈ {1, ..., n− 1} and Ei ·Ej = 0, ∀ i, j ∈ {1, ..., n}
suh that |i− j| /∈ {0, 1}), the omponents Ei having otherwise arbitrary genera and
singularities. Take n ≥ 3. Then E · Ei = 0, ∀ i ∈ {2, ..., n − 1}, whih shows that
E /∈ L◦(πm). That is, the germ (S, 0) does not verify ondition (**).
Dene
αk := nk −
(k − 1)k
2
for any k ∈ {1, ..., n}. Then it is immediate to see from the denitions that the divisors
D :=
∑n
k=1 αkEk and D
′ :=
∑n
k=1 αn+1−kEk are in the strit Lipman semigroup and
that eah fundamental half-spae ontains exatly one of them. Therefore, the germ
(S, 0) veries ondition (*). This shows that the inlusion stated in the Lemma is
strit. 
Remark 4.2. a) We hoose to distinguish inside the lass of singularities whih
verify ondition (*) those whih verify ondition (**) for omputational onveniene,
beause this seond ondition is more readily veried on a given intersetion matrix.
b) An-type singularities are the only rational double points whih verify ondition
(*). This illustrates the diulty of dealing with Dn-type singularities (see Plénat
[19℄).
The motivation to introdue ondition (*) omes from the following proposition:
Proposition 4.3. Suppose that (S, 0) veries ondition (*). Then, for any pair of
distint indies i, j ∈ I, there exists a funtion f ∈ mS,0 suh that vEi(f) < vEj (f).
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Proof: Let i, j ∈ I satisfy i 6= j. As (S, 0) veries ondition (*), there exists
D =
∑
l∈I alEl ∈ L
◦(πm) suh that ai < aj . Then, for n ∈ N∗ big enough, one has
(nD + Ek +KS˜).El + 2δ
l
k ≤ 0, ∀ k, l ∈ I. By Proposition 3.1, there exists f ∈ mS,0
suh that div(f ◦ πm) = nD, whih shows that vEi(f) = nai < naj = vEj (f). 
Remark 4.4. The referee suggests us the following alternative proof of the previous
proposition : let D =
∑
l∈I alEl ∈ L
◦(πm) suh that ai < aj . Then OS˜m(−D) is
ample (see Lipman [16, 10.4 and proof of 12.1 (iii)℄). Thus there exists n ∈ N∗ suh
that OS˜m(−nD) is generated by its global setions. Therefore there exists f ∈ mS,0
suh that the exeptional part of div(f ◦ π) is preisely nD. For suh an f , we have
of ourse vEi(f) < vEj (f).
5. The proof of the main theorem
Our main theorem is:
Theorem 5.1. Suppose that (S, 0) veries ondition (*). Then the Nash map N is
bijetive.
Proof: By ombining Proposition 2.1 and Proposition 4.3, we dedue that V (Ei) *
V (Ej) for any i 6= j. As (S, 0)∞ =
⋃
i∈I V (Ei), we dedue that the shemes
(V (Ei))i∈I are preisely the irreduible omponents (Ck)k∈K of (S, 0)∞. As the Nash
map N is injetive, this shows its surjetivity.
The Theorem is proved. 
Using Lemma 4.1, we get as an immediate orollary:
Corollary 5.2. Suppose that (S, 0) veries ondition (**). Then the Nash map N
is bijetive.
We denote by Γ(E) the dual graph of E, whose verties orrespond bijetively to
the omponents (Ei)i∈I , the vertex Ei being weighted by E
2
i and the verties Ei, Ej
being joined by Ei.Ej verties, for any i 6= j. Let γ(Ei) denote the number of edges
whih start from the vertex Ei (so, eah loop based at the vertex Ei ounts for 2).
The next proposition haraterizes rational singularities among those whih verify
ondition (**).
Proposition 5.3. A singularity whih veries ondition (**) is rational if and only
if the following onditions are simultaneously veried:
(i) Γ(E) is a tree;
(ii) Ei ≃ P1, ∀ i ∈ I;
(iii) |E2i | > γ(Ei), ∀ i ∈ I.
Proof: First of all, notie that onditions (i) and (ii) imply that πm is a good
resolution.
Suppose that (S, 0) is rational and veries ondition (**). Then onditions (i) and
(ii) are veried, as general properties of rational singularities (see B desu [1, 3.32.3℄).
As E.Ei = −|E2i |+ γ(Ei), ondition (iii) is also veried.
Conversely, suppose that the onditions (i), (ii) and (iii) are veried. By a result of
Spivakovsky [24, II℄ (see also Lê [11, 5.3℄), this shows that (S, 0) is a normal minimal
singularity, and in partiular it is rational. Consult the referenes above for the notion
of minimal surfae singularity, as well as Kollár [7℄, where this notion was introdued
in arbitrary dimensions. 
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Remark 5.4. a) Normal minimal surfae singularities are preisely those whose
minimal good resolution veries onditions (i), (ii) and (iii)': |E2i | ≥ γ(Ei), ∀ i ∈ I.
The stronger ondition (iii) is equivalent to the fat that the minimal resolution an
be obtained by blowing-up one the origin (see Spivakovsky [24, II℄, Lê [11, 6.1℄): one
says that the singularity is superisolated. Thus, Proposition 5.3 is equivalent to the
fat that the rational surfae singularities whih verify ondition (**) are preisely the
superisolated minimal ones (a remark we owe to Lejeune-Jalabert).
b) There are rational singularities whih verify ondition (*) but do not verify on-
dition (**). Consider for example a germ of normal surfae whose minimal resolution
πm is good and has a redued exeptional divisor E with four omponents of genus 0
suh that E21 = E
2
2 = E
2
3 = −n ≤ −5, E
2
4 = −2, E1E4 = E2E4 = E3E4 = 1, E1E2 =
E2E3 = E3E1 = 0. Then it is immediate to verify that the divisors:
(2n+ 1)(E1 + E2 + E3) + 4nE4
(2n2 − 2n+ 3)E1 + 3n(E2 + E3) + (n2 + 3n)E4
as well as those obtained by permuting E1, E2, E3 are in L◦(πm) and that eah funda-
mental half-spae ontains at least one of them. So, the germ veries ondition (*).
But, as E.E4 > 0, the germ does not verify ondition (**). Moreover, the dual graph
Γ(E) is a subgraph of the dual graph assoiated to the resolution of a plane urve
singularity (attah n− 1 verties to E1, n− 2 verties to E2 and n− 3 verties to E3,
all of them weighted by −1). Using Lê [11, 4.8℄ (see also Spivakovsky [24, II℄), we see
that the singularity is sandwihed, and in partiular it is rational.
As ondition (iii) in the Proposition 5.3 is equivalent with ondition (**), we see
immediately that any (abstrat) graph is the dual graph of the minimal resolution of a
singularity whih veries ondition (**), one the weights of the verties are negative
enough. Then, if one of the onditions (i) or (ii) is not satised, we are in presene of
a non-rational singularity. This shows:
Corollary 5.5. There exists an innity of pairwise topologially distint normal non-
rational surfae singularities whih verify ondition (**), and onsequently for whih
the Nash map is bijetive.
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